Abstract. We continue our study of group algebras acting on L p -spaces, particularly of algebras of p-pseudofunctions of locally compact groups. We focus on the functoriality properties of these objects. We show that p-pseudofunctions are functorial with respect to homomorphisms that are either injective, or whose kernel is amenable and has finite index. We also show that the universal completion of the group algebra with respect to representations on L p -spaces, is functorial with respect to quotient maps.
Introduction
Associated to a locally compact group, there are several Banach algebras that capture different aspects of its structure and representation theory. For instance, in [Her73] , Herz introduced the Banach algebra of p-pseudofunctions of a locally compact group G, for a fixed Hölder exponent p ∈ [1, ∞). (We are thankful to Yemon Choi and Matthew Daws for providing this reference.) This Banach algebra is defined as the completion of the group algebra L 1 (G) with respect to the norm induced by the left regular representation λ p of G on L p (G). We denote this algebra by
In [GT14b] , we studied the universal completion of L 1 (G) for representations of G on L p -spaces, which we denote by F p (G) (this algebra first appeared in [Phi13] , as the crossed product of G on the L p -operator algebra C). By universality of F p (G), the identity map on L 1 (G) induces a contractive homomorphism κ : F p (G) → F p λ (G) with dense range. One of the main results of [GT14b] , obtained independently by Phillips, asserts that G is amenable if and only if κ is an (isometric) isomorphism.
For p = 2, the Banach algebra F 2 (G) is the full group C * -algebra of G, usually denoted C * (G), and F 2 λ (G) is the reduced group C * -algebra of G, usually denoted C * λ (G). The functoriality properties of the full and reduced group C * -algebras are well-understood. Given a locally compact group G, a normal subgroup N of G, and a closed subgroup H of G, the following results can be found in [BO08] : In this paper, we explore the extent to which these results generalize to the case p = 2. Many techniques from C * -algebra theory, such as positivity, are no longer available for Banach algebras acting on L p -spaces. In particular, some standard facts in C * -algebras fail for the classes of Banach algebras here considered. For example, a contractive homomorphism with dense range is not necessarily surjective, and an injective homomorphism need not be isometric.
Our results are as follows (the second one is proved in greater generality than what is reproduced below):
(1) If H is a subgroup of a discrete group G, then there is a natural isometric unital map
If N is a closed normal subgroup of a locally compact group G, then there is a natural contractive map F p (G) → F p (G/N ) with dense range (Proposition 2.4); (3) If N is an amenable normal subgroup of a discrete group G, and G/N is finite, then the natural map
We point out that the assumption that G/N be finite in (3) above is likely to be unnecessary. On the other hand, we show in Example 2.6, using a result of Pooya-Hejazian in [PH14] , that amenability of N is necessary.
In Section 3, we apply our results to study the isomorphism type of the Banach algebras F p λ (Z), with focus on its dependence on the Hölder exponent p. We show that for p, q ∈ [1, 2], there is an isometric isomorphism between F p λ (Z) and F q λ (Z) if and only if p = q.
Further applications of the results of this paper appear in [GT14a] .
Throughout, we will assume that all measure spaces are σ-finite, and that all Banach spaces are separable. Consistently, all locally compact groups will be assumed to be second countable, and will be endowed with a left Haar measure.
We take N = {1, 2, . . .}. For n in N and p ∈ [1, ∞], we write ℓ p n in place of ℓ p ({1, . . . , n}), and we write ℓ p in place of ℓ p (Z).
Let E be a Banach space. We write B(E) for the Banach algebra of bounded linear operators on E. For p ∈ (1, ∞), we denote by p ′ its conjugate (Hölder) exponent, which satisfies
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Functoriality properties
In this section, we study the extent to which group homomorphisms induce Banach algebra homomorphisms between the respective group operator algebras we studied in [GT14b] . As in the case of group C * -algebras, these completions are not functorial with respect to arbitrary group homomorphisms. Section 3 contains an application of these results, particularly of Theorem 2.5: the Banach algebras We begin by recalling some definitions and results from [GT14b] . If E is any of the classes considered above, we denote by Rep E (G) the class of all contractive representations of L 1 (G) on Banach spaces in E. We denote by F E (G) the completion of L 1 (G) in the norm given by
By universality of the objects constructed in Definition 2.1, there exist canonical maps making the diagram
commute; see the comments after Remark 2.14 in [GT14b] . These maps have dense range, since they are suitable extensions of the identity map on L 1 (G). The algebra F p λ (G) of p-pseudofunctions, together with the related Banach algebras of p-pseudomeasures P M p (G) and p-convolvers CV p (G) on G, have been studied by a number of authors; see for example [Her73] , [Der11] , and [NR09] . Also, the algebra F p QS (G) can be seen to be isometrically isomorphic to the algebra of universal p-pseudofunctions U P F p (G) on G, introduced by Runde in [Run05] .
The following is part of Theorem 3.7 in [GT14b] .
Theorem 2.2. Let G be a locally compact group, and let p ∈ (1, ∞). The following are equivalent: (1) The group G is amenable. (2) With E denoting any of the classes QSL
We now turn to functoriality of these Banach algebras. The case p = 2 of the following result is proved, for example, as Proposition 2.5.9 in [BO08] .
denote the left regular representations of G and H, respectively. Then λ G p • ι is conjugate, via an invertible isometry, to a multiple of λ H p . More precisely, let Q be a subset of G containing exactly one element from each coset in G/H. Then there is a canonical isometric isomorphism
It follows that
for every f ∈ C[H]. Thus, the canonical map ι :
We need some notation for the next result. If G is a locally compact group and N is a closed normal subgroup, then there is a canonical surjective contractive homomorphism ψ N : 
It follows that ψ N extends to a contractive homomorphism
The above proposition shows that the universal completions of L 1 (G) are functorial with respect to surjective group homomorphisms. When p is not equal to 1 or 2, it is not clear whether the resulting homomorphism
is a quotient map, or even if it is surjective. In the following theorem, we prove that this is indeed the case whenever N is amenable and G/N is finite.
Theorem 2.5. Let G be a discrete group, let p ∈ [1, ∞), and let N be an amenable normal subgroup of G such that G/N is finite. Then the canonical map
Proof. We establish some notation first:
• For s ∈ G, we write u s for the corresponding element in C[G], and δ s ∈ ℓ p (G) for the corresponding basis element; • For s ∈ G, we write v sN for the corresponding element in C[G/N ], and δ sN ∈ ℓ p (G/N ) for the corresponding basis element; • For n ∈ N , we write w n for the corresponding element in C[N ], and δ n ∈ ℓ p (N ) for the corresponding basis element;
Fix a section σ : G/N → G, and define an isometric isomorphism
It is a routine exercise to check that
for all s, t ∈ G and all n, m ∈ N . Let f be an element in C[G/N ]. We want to show that
For this, it is enough to find sequences (f k ) k∈N in B(ℓ p (G)) (but not necessarily in
Let S ⊆ G be a finite set such that f can be written as a finite linear combination f = s∈S a sN v sN , where a sN is a complex number for s ∈ S. Using amenability of N , choose a Følner sequence (F k ) k∈N of finite subsets of N satisfying
Let k ∈ N. We claim that T k F p (N ) = 1. Note that T k is a linear combination of the canonical generating invertible isometries with positive coefficients (the coefficients are all either 1 |F k | or 0). It follows from Theorem 4.19 in [Pat88] that T k p = T k 2 . Furthermore, the equivalence between (1) and (8) in Theorem 2.6.8 in [BO08] shows that T k 2 = 1. The claim is proved.
Fix k ∈ N, and set
which is an element in B(ℓ p (G)). (Note that f k will not in general belong to the group algebra C[G].) Basic properties of p-tensor products give Φ(f ⊗ 1) = f , and hence f k ≤ T k · f = f , so condition (1) above is satisfied. Set
which is an element in C[G] ⊆ B(ℓ p (G)). It is clear that π( f k ) = f , so condition (2) above is also satisfied. We need to check (3). With M = max s∈S |a sN |, we have
Given s in G, it is therefore enough to show that
Fix s in G and set
regarded as an operator on c c (G). It is immediate that for q ∈ [1, ∞], the operator θ extends to a bounded operator θ
≤ 2, and the Riesz-Thorin
Interpolation Theorem gives
It therefore suffices to show that lim
Let c : G × G → N be the 2-cocycle given by
for all t and r in G. Since G/N is finite, the image Im(c) of the 2-cocycle c is a finite subset of N . Given t ∈ G and m ∈ N , we have
Thus, We point out that the assumption that N be amenable is necessary in the theorem above, at least when p = 1, as the next example shows. Example 2.6. Fix p ∈ (1, ∞). Let F 2 denote the free group on two generators, and let N be a normal subgroup of F 2 such that F 2 /N is isomorphic to Z 2 . The quotient map π :
is simple by Corollary 3.11 in [PH14] .
On the other hand, we suspect that no condition on G/N is needed for the conclusion of Theorem 2.5 to hold (and that, in particular, the group G need not be amenable), but we have not been able to prove the more general statement. For p = 2, this can be proved as follows. Since N is amenable, its trivial representation is weakly contained in its left regular representation (see Theorem 2.6.8 in [BO08] ). Using the fact that the induction functor preserves weak containment of representations, this shows that the left regular representation of G/N is weakly contained in the left regular representation of G. By the comments at the beginning of Appendix D in [BO08] , this implies that there is a * -homomorphism C * λ (G) → C * λ (G/N ) with dense range. Finally, basic C * -algebra theory (for example, the fact that * -homomorphisms have closed range) shows that this map is indeed a quotient map.
There is an alternative proof of this fact using Følner sets, similarly to what we did in the proof of Theorem 2.5, but the argument also involves the GNS construction, which so far has no analog in the context of L p -operator algebras.
3. An application: When is
The goal of this section is to show that for p and q in [1, ∞), there is an isometric isomorphism between F p (Z) and F q (Z) if and only if either p = q or 1 p + 1 q = 1. The strategy will be to use Theorem 2.5, Proposition 3.13 in [GT14b] , and the fact that every homeomorphism of S 1 must map a pair of antipodal points to antipodal points, to reduce this to the case when the group is Z 2 , where things can be proved more directly. The fact that the spectrum of F p (Z) is the circle is crucial in our proof, and we do not know how to generalize these methods to deal with, for example, Z 2 . We begin by looking at the group L p -operator algebra of a finite cyclic group.
is the Banach subalgebra of B(ℓ p n ) generated by the cyclic shift of order n
(The algebra B(ℓ p n ) is M n with the L p -operator norm.) It is easy to check that F p (Z n ) is isomorphic, as a complex algebra, to C n , but the canonical embedding F p (Z n ) ֒→ M n is not as diagonal matrices. It turns out that computing the norm of a vector in C n ∼ = F p (Z n ) is challenging for p different from 1 and 2, essentially because computing p-norms of matrices that are not diagonal is difficult. Indeed, set ω n = e 2πi n , and set
The matrix u n is a unitary (in the sense that its conjugate transpose is its inverse), and hence ξ F 2 (Zn) = ξ ∞ . The norm on F 2 (Z n ) is therefore wellunderstood and easy to compute. On the other hand, if 1
by Corollary 3.20 in [GT14b] . In particular, the norm · F p (Zn) always dominates the norm · ∞ .
Computing the automorphism group of F p (Z n ) is not easy when p = 2, since not every permutation of the coordinates of C n ∼ = F p (Z n ) induces an isometric isomorphism. Our next result asserts that the cyclic shift on C n is isometric. for all (x 0 , . . . , x n−1 ) ∈ C n . Then τ :
Proof. We follow the notation from Example 3.1, except that we drop the subscript n everywhere, so we write u in place of u n , and we write s in place of s n . (We still denote ω n = e 2πi n .) For x in C n , let d(x) denote the diagonal n × n matrix with d(x) j,k = δ j,k x j for 0 ≤ j, k ≤ n − 1. Denote by ρ : C n → M n the algebra homomorphism given by ρ(x) = ud(x)u −1 for x ∈ C n . Then
n , and denote by ω its (coordinatewise) conjugate. Given x ∈ C n , it is easy to check that d(τ (x)) = sd(x)s −1 , us = d(ω)u, and s
Since d(ω) and d(ω) are isometries in B(ℓ p n ), we conclude that
The fact that F p (Z 2 ) is isometrically isomorphic to F q (Z 2 ) only in the trivial cases can be shown directly by computing the norm of a specific element. We do not know whether a similar computation can be done for other cyclic groups. However, knowing this for just Z 2 is enough to prove Theorem 3.4. [GT14b] . We proceed to show the "only if" implication.
Given r in [1, ∞), we claim that
By Proposition 2.17 in [GT14b] , the quantity on the left-hand side remains unchanged if one replaces r with its conjugate exponent. Since the same holds for the quantity on the right-hand side, it follows that it is enough to prove the claim for r in [1, 2] .
Define a continuous function γ :
. Let a be the matrix
Then γ(r) = a r for all r ∈ [1, 2]. The values of γ at r = 1 and r = 2 are easy to compute, and we have γ(1) = a 1 = 2 1 2 and γ(2) = a 2 = 1. Fix r ∈ [1, 2] and let θ in (0, 1) satisfy 1
Using the Riesz-Thorin Interpolation Theorem between r 0 = 1 and r 1 = 2, we conclude that 
We conclude that
This shows that γ(r) = 2
2 ) for r ∈ [1, 2], and the claim follows.
Now let p and q be in [1, ∞) and let ϕ :
be an isometric isomorphism. Since ϕ is an algebra isomorphism, we must have either ϕ(x, y) = (x, y) or ϕ(x, y) = (y, x) for all (x, y) ∈ C 2 . By Proposition 3.2, the flip (x, y) → (y, x) is an isometric isomorphism of F q (Z 2 ), so we may assume that ϕ is the identity map on C 2 . It follows that (1, i)
. We conclude that either p = q or 1 p + 1 q = 1, so the proof is complete.
We are now ready to show that for p and q in [1, ∞), the algebras F p (Z) and F q (Z) are (abstractly) isometrically isomorphic only in the trivial cases p = q and Proof. The "if" implication follows from Proposition 2.17 in [GT14b] . Let us show the converse.
Recall that the maximal ideal spaces of F p (Z) and F q (Z) are canonically homeomorphic to S 1 by Proposition 3.13 in [GT14b] . We let Γ p : F p (Z) → C(S 1 ) denote the Gelfand transform, which sends the generator u ∈ F p (Z) to the canonical inclusion ι of S 1 into C. Let ϕ : F p (Z) → F q (Z) be an isometric isomorphism. Then ϕ induces a homeomorphism f : S 1 → S 1 that maps z in S 1 to the unique point f (z) in S 1 that satisfies ev z • ϕ = ev f (z) :
It is a classical result in point-set topology that there must exist ζ in S 1 such that f (−ζ) = −f (ζ). Denote by π p : F p (Z) → F p (Z 2 ) and π q : F p (Z) → F q (Z 2 ) the canonical homomorphisms associated with the surjective map Z → Z 2 . Then π p and π q are quotient maps by Theorem 2.5. Let ω ζ : F p (Z) → F p (Z) be the isometric isomorphism induced by multiplying by ζ the canonical generator in F p (Z) corresponding to 1 ∈ Z. Analogously, let ω f (ζ) : F q (Z) → F q (Z) be the isometric isomorphism induced by multiplying by f (ζ) the canonical generator in F q (Z). Then the following diagram is commutative:
Define a homomorphism ψ :
ζ . Then ψ is an isometric isomorphism. One checks that ψ maps the kernel of π p onto the kernel of π q . It follows that ψ induces an isometric isomorphism ψ : F p (Z 2 ) → F q (Z 2 ). By Proposition 3.3, this implies that p and q are either equal or conjugate, as desired.
